This paper demonstrates several techniques for constellation and formation design via projection of an arbitrarily defined shape onto a surface constructed of an infinite set of a particular Flower Constellation (FC). Each of the set of Flower Constellations is differentiated only by its initial value of the right ascension of the ascending node (RAAN). There are three projection techniques presented in this paper. One is a projection from an arbitrary outlying point beyond the FC surface while the other two methods are projections from the surface of the Earth. It is important to note that the shape of the resultant constellation is not rigid and will deform as it approaches apogee and perigee. Also, the FC surface chosen will affect how long the formation shape will hold as well as the out-of-plane curvature of the shape. The constellation shape will reform twice on each petal of the Flower Constellation, and the reformation time depends upon the base FC surface. As examples, geometric shapes such as squares, circles, and triangles are projected onto the surface of several different base FC types. These formations can be reoriented to place the apogee of the formation in a different region of the Earth. Thus, the point where the formation starts to deform can be specified. The effect of perturbations on maintaining the constellation/formation will be briefly discussed.
I. Introduction
We are in the process of developing inverse techniques for the design of Flower Constellations. The inverse process described in this paper entails projecting an arbitrary shape onto a Flower Constellation surface and then computing the intersection. The choice of Flower Constellation specifies a e i, and ω. Then, based upon a set of discrete intersection points, we can then compute the required right ascension of the ascending node (RAAN) and mean anomaly (MA) angles for each satellite to fix their location in space. The Flower Constellation surface is defined by selecting a base Flower Constellation and then revolving the relative orbit about the constellation axis of symmetry, which, in the case shown here, is the InertialK axis. Figure 1 shows an example of a 5-2 Flower Constellation that has been revolved to form a surface.
Essentially, if one were to select a point on this surface, it would belong to a 5-2 Flower Constellation with a specific RAAN value. Thus, this surface can be thought of as an infinite set of identical Flower Constellations except for having differentially small variations in the RAAN. The objective, then, is to select a set of points on this surface that form a desired shape.
To that end, we need to precisely locate the satellite on the specific Flower Constellation. Thus, for each RAAN selected, there will need to be a corresponding mean anomaly (MA) value chosen. In our previous work, 1, 2 there was a specific relationship between the RAAN and MA that was determined through physical constraints imposed by orbital dynamics. However, in this work, there is no physical relationship between the RAAN and MA but rather an algebraic one. This is due to the fact that each point selected will, in general, belong to independent Flower Constellations. Thus, in this paper, we will develop sets of equations where the RAAN and the MA are unknown variables that must be solved for simultaneously. 
II. Projection from an Arbitrary View Plane

A. Some Definitions
First, we begin with the inertial reference frame where the orbit parameters of the satellite are defined. Figure 2 depicts the right ascension of the ascending node (RAAN), Ω, the orbit inclination, i, the argument of perigee, ω, and the true anomaly, ν.
We denote the inertial frame by a superscript I with components of vectors expressed as:
For the purposes of this paper, we assume that the following orbit parameters have been properly selected to achieve the desired Flower Constellation shape: a e i, and ω. Our previous work describes how to solve for or select these orbit parameters based upon the Flower Constellation design parameters. 1, 2 A reference frame called the "Camera Placement" Frame in which we will orient the "View" Frame (See Figure 3) is defined. The Camera Placement Frame (CPF) is displaced from the Inertial frame by some predefined vector quantity. The CPF is constructed to be aligned with the inertial frame and will be described in more detail later. The View frame is constructed by selecting two "viewing angles", λ V and φ V , which define the view normal,n V .
Based upon this view normal, we place a viewing plane perpendicular to the view normal at a distance of R from the origin of the inertial reference frame. Thus, we can define
where R is some predetermined value. Vectors in the camera placement frame are denoted with a superscript P and vector components can be expressed in the camera placement frame as: P : p 1p2p3 (4) Vectors in the View frame are denoted with a superscript V and vector components can be expressed in the View frame as:
Mapping from the View frame to the camera placement frame is accomplished using the following transformation:
where α s is an angle that can be used to spin the view plane about the view normal if desired.
Having established the View frame and the viewing plane, one can draw an arbitrary shape to project onto the Flower Constellation surface. One method is to define a vector r c in theŝ t plane such that it is a function of the 
B. Solving for the Unknowns
Having established the requisite reference frames, the problem can can be constructed. Figure 5 shows an example of projecting a circle from theŝ t viewing plane onto a Flower Constellation surface.
For each discrete value of β, a vector r c is drawn from the origin of the View frame. Then, the vector r pro j is constructed as the projection from r c to the point of intersection with the Flower Constellation surface. This projection is perpendicular to the viewing plane; therefore, we can write the projection vector, r pro j , in the V frame as
where r pro j is an unknown quantity. Now, we construct an equation in the View frame which is nothing more than a vector sum:
where r V k is the unknown vector from the origin of the Camera Placement Frame to the point of intersection on the Flower Constellation surface expressed in the View Frame. We can express R V in this frame by
Substituting into the above equation, we obtain:
which can be reduced down to
To express this vector in the Inertial Frame, we must use the transformation
Recall that the Inertial and Camera Placement Frames are not rotated with respect to each other. Because the view plane can be arbitrarily oriented, rotating the CPF becomes unnecessary. Thus, these two frames are only separated by a linear displacement, R IP I. We can also express the vector r I k in the Inertial Frame as (See Figure 6 ):
where
This leads to
Here we have three equations in terms of two unknowns, ν k and r pro j k . The parameters a e i, and ω are defined by the choice of the Flower Constellation surface. We must solve these equations simultaneously for each discrete value of β to find the intersection points. To do this, we use the Matlab Release 13 routine fsolve, 3 which attempts to find the solution to a non-linear set of equations. Thus, we can solve Eq. (20) for the (λ k ν k ) pairs for each intersection point. The value of r pro j k is only needed for the solution of the equations and won't be considered from this point on.
C. Finding the RAAN and MA
Now that we have the (λ k ν k ) pairs for each intersection point, we need a method to convert those to (Ω k M k ) pairs. To that end, we examine a vector expressed in two different ways in the Inertial frame:
By expanding out the components of R IO , we can find the following relationships:
The third equation contains no useful information. Thus, we can solve the first two equations simultaneously, again using Matlab's fsolve routine. Because there are two valid equations with only one unknown, solving only one of the equations might not optimally satisfy the other. Therefore, a composite function is constructed to solve based upon the sum square of both equations:
This was done to insure that both equations would be satisfied. Alternatively, one could algebraically combine the two equations into a single equation. Note that there are two possible solutions for the right ascension angle that are diametrically opposed to one another (corresponding to the ascending and descending nodes). To determine which value is correct, we employ a sanity check. Clearly, from Figure 2 on page 3, the value of the RAAN angle must be less than the current value of λ k . In this way, we can select the only valid value of the Ω k .
We can now use standard classical equations to solve for the mean anomaly.
D. A Triangle Formation Example
We have established all of the orbit parameters required to precisely place each satellite in the formation. Each satellite has a common a e i, and ω that were set based upon the desired Flower Constellation surface that the formation shape was being projected upon. We then developed a technique for finding the requisite (Ω k M k ) pairs for each satellite to generate the desired formation shape.
In this section, we will create a triangle formation shape where the base of the triangle is desired to be 1000 km and the height is 500 km. The following design parameters were established:
where i, ω, and h p were used to establish the shape and orientation of the FC surface and N p N d , and N s are FC design parameters used to establish the number of "petals", the number of days to repeat, and the number of satellites in the constellation. Based upon these parameters and using the Flower Constellation theory, 1 the semi-major axis and eccentricity of the FC surface are computed: a 22890 233 km e 0 65583
To construct the desired constellation/formation shape, a function is defined in Matlab v.6 to compute r c as a function of β. Having established all the required parameters and set up a function to compute r c , we are now ready to solve for the RAAN and MA pairs for each satellite. Table 1 has the results for an 10 satellite triangle formation. When these orbit parameters are input into AGI's Satellite Toolkit software package, 4 we can visualize the formation. Figure 7 on page 9 shows a sequence of images demonstrating the deformation and reformation of the triangle formation as it moves from the equator to apogee and then back to the equator. A similar sequence is found when the satellites approach perigee. Note that, since this formation is non-symmetric, the shape inverts as it crosses from one side of the globe to the other.
Many design considerations go into the selection of the base FC surface. However, the choice of a 10-1 FC for this example was essentially arbitrary. By selecting a FC that has multiple apogees arrayed around the Earth, the amount of time that the formation spends in the deformed state is reduced. Also, given that these formations are based upon repeating ground tracks, the multiple "petals" allows for better coverage of Earth. Choosing fewer petals means the formation would pass over a smaller region of the Earth. Therefore, the mission designer will need to experiment with all the options available for optimum results.
III. Projection From the Mercator Map
In this technique, the projection is made along radial lines from the center of the Earth through a set of geocentric latitude and longitude coordinates upward to the FC surface. Alternatively, the projection is made from the surface of the Earth such that each line of projection is parallel with each other. In this case, a centroid point is typically chosen to set the normal direction of the projection (e.g. a particular geodetic latitude and longitude coordinate where you would like to fix the surface normal direction). Again, once the intersection of the projected shape with the FC is found, the RAAN and MA pairs can be determined.
A. Geocentric Projection
For the geocentric projection case, we can express a vector from the origin of the ECF frame to the satellite in terms of either the geocentric latitude and longitude coordinates or in terms of the orbit elements. Note that the angle α in Eq. 16 on page 7 is equivalent to the geocentric latitude, φ gc , expressed in terms of the satellite orbit elements. Thus, we can write
Rearrange Eq. (29) to obtain:
Recall from Eq. 17 on page 7 that θ k ν k ·ω. By specifying the desired geocentric latitude coordinate and knowing the base FC parameters, Eq. (30) can be solved for ν k with Matlab's fsolve routine. Once ν has been determined for each satellite, we can find the RAAN and MA values using the techniques described in Section II.C. The geocentric latitude and longitude points can be specified directly or, for instance, one could use the Mercator Map equations: 5 x R¨λ gc (31)
where λ gc and φ gc are geocentric longitude and latitude coordinates.
A Circle Formation Example
Here, a circle formation shape is created based upon a circle with a 1000 km radius. The following parameters were established:
As in the triangle formation example, using the Flower Constellation theory, 1 we obtain the semi-major axis and excentricity. the following: a 9083 995 km e 0 132745
Figure 8 on page 12 shows the resulting formation. The sequence of images shows the deformation and reformation of the shape. Note that because the shape is symmetrical, it does not invert, per se, as in the case of the triangle formation. 7 . Therefore, the formation maintains its geometry much longer on each pass. This figure was generated using AGI's Satellite Tool Kit software package and a two-body propagator. 
B. Parallel Projection
For the parallel projection case, we modify our approach slightly compared the the geocentric projection technique. Here, a desired unit normal direction,n, is prescribed first. Then a vector, r 1 from the origin of the ECF frame is constructed to the discrete latitude and longitude coordinate points on the surface of the Earth. From that point, another vector, r 2 is constructed from the Earth's surface to the intersection point with the FC surface. This second vector has the same unit normal as the desired nominal direction and has an unknown magnitude, r p , that must be determined. These two vectors can be written as follows:
Now recall Eq. 14 on page 7:
Using vector algebra, we can construct the following equation that must be solved for ν k and r p :
where Equations 15 through 19 are repeated here for convenience:
Finally, we can compute the RAAN and MA for each satellite using the technique described in Section II.C. As this case is very similar to the geocentric projection, a graphical example has been omitted for brevity.
IV. Other Examples
Any desired shape can be created using the techniques outlined in this paper. Figure 10 (a) shows a rectangular formation. One could even write text using satellites flying in formation. Figure 10(b) is an example of just that. The letters N, A, S, and A are spelled out using 44 satellites. While this formation is impractical for most purposes, it serves to demonstrate the flexibility and capabilities of this constellation/formation design technique.
(a) A rectangular formation on a 5-2 FC surface. This figure was generated using AGI's Satellite Tool Kit software package.
(b) Here, the text "NASA" is written on a 10-1 FC surface using 44 satellites. This figure was generated using AGI's Satellite Tool Kit software package. 
V. Reorientation of the Constellation/Formation
In the previous examples given, the formation always collapsed to a line at apogee, which was always located in the northern hemisphere. However, this may not be desirable for some mission profiles. Thus, one can use a technique to reorient the base FC surface as discussed in our previous work. 1 In this way, it is possible to rigidly reorient entire constellations/formations.
Using this reorientation technique, the triangle formation from Figure 7 on page 9 was reoriented such that the original axis of symmetry was rotated 90 AE away. Table ( 3) shows the new orbital parameters for each satellite in the formation. Figure 11 on page 17 shows a sequence of images as the formation orbits the Earth. Note that in this particular case, the inclination is for a retrograde orbit. This can be changed to a prograde orbit through a different selection of the reorientation angles. Also note that the inclination is no longer one of the critical inclinations. In general, reoriented FC's will require control to combat geopotential perturbations in order to maintain the integrity of the formation/constellation. Table 3 . New orbital parameters for a 10 satellite triangle formation originally based upon a 10-1 FC that has been reoriented 90 AE from the original axis of symmetry .
VI. Effect of Perturbations
As discussed in our previous work, 1 some of the effects of major perturbations, like the J 2 effect, can be mitigated by appropriate choice of design parameters. By selecting one of the critical inclinations, one can eliminate the motion of the line of apsides. However, there will still be a rotation of the line of nodes for each satellite. Additionally, the semi-major axis and eccentricity can be solved for in the presence of perturbations such that a precisely repeating ground-track can be achieved.
In general, for a FC that has not been reoriented, the satellites are experiencing roughly the same perturbations. In particular, the shift in the argument of perigee and the right ascension of the ascending node will cause the FC surface to distort and rotate, respectively, about the axis of symmetry. The shift of the initial value of the mean anomaly for each satellite will cause the phasing of the entire formation to shift over time. However, the overall phasing scheme will be maintained. For a reoriented FC, each satellite will generally have distinct inclinations, arguments of the perigee, and right ascension of the ascending node. Thus, a thorough perturbation analysis will need to be performed on any formation based upon a reoriented FC.
The most significant impact of perturbations on a Flower Constellation is the shift of the line of apsides. This is due to the fact that many of the orbits required to construct a Flower Constellation are highly eccentric. Thus, choosing a non-critical inclination will mean that regular corrections will need to be made to maintain the overall constellation geometry. Additionally, higher order tesseral harmonics can be a concern because the Flower Constellations are constructed from compatible orbits. A study of high order perturbations will require a more detailed analysis, which is reserved for a future work. One could choose not to fight mother nature and accept the fact that certain shifts will occur over time. Thus, one could take advantage of the fact that the line of nodes will slowly rotate over time. For an Earth observation mission, this could allow for complete coverage of the Earth over time.
VII. Conclusions
This paper presents a new technique for constellation design based upon the Flower Constellation concept. Using a number of methods, an arbitrarily prescribed shape is projected onto a FC surface where the intersection is computed. Satellites are then placed at these intersection points to create a constellation/formation. These formations collapse to a line at apogee, but reform twice on each "petal". Non-symmetric formations will invert as they cross from one side of the globe to the other. Additionally, a method to reorient the formations such that the formation collapses to a line at different locales is presented.
